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PROPERTIES OF R(X), R(a,X) and RW (a,X)
TIM DALBY
Abstract. In the context of metric fixed point theory in Banach spaces three
moduli have played an important role. These are R(X), R(a, X) and RW(a, X).
This paper looks at some of their properties. Also investigated is what happens
when they take on the value of 1. The situation where these moduli are set in
dual space is also considered.
1. Introduction
The Banach space moduli of R(X), R(a,X) and RW (a,X) were introduced within
the context of fixed point theory. This area of research looks at whether, in an
infinite dimensional real Banach space, every nonexpansive mappings on every weak
compact convex nonempty set has a fixed point. If this is so then the space is said
to have the weak fixed point property (w-FPP). It can be shown that this propery is
separably determined so in this paper the Banach space is assumed to be separable.
If the sets are not necessarily weak compact but closed then the property is called
the fixed point property (FPP).
Another aspect of this topic is that it involves weakly convergent sequences and
usually a translation is employed so that the sequence being studied is weakly
convergent to zero. Inherent in most results is the interplay between weak null
sequences and the norm. Much more background can be found in Goebel and Kirk
[14] and Kirk and Sims [18].
These moduli all measure a relationship between weak null sequences and the norm
and they have similar definitions. These definitions are given in the next section.
Because of the close similarity of the definitions it is natural to ask how the three
Rs are related, do they share similar properties and, if they take on certain values,
what does mean for that Banach space. This paper explores these questions.
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2. Definitions
Definition 2.1. [Garc´ıa-Falset, 10]
R(X) = sup{lim inf
n→∞
‖xn + x‖ : ‖x‖ 6 1, ‖xn‖ 6 1 for all n, xn ⇀ 0}.
So 1 6 R(X) 6 2.
In [10] Garc´ıa-Falset showed that if a Banach space, X, has the nonstrict Opial
property and R(X) < 2 then X has the w-FPP. About the same time Prus [24]
produced a similar result. Later Garc´ıa-Falset [11] was able to drop the nonstrict
Opial condition.
Domı´nguez-Benavides in [7] created a new version of R(X) this time with a param-
eter and an extra condition on the weak null sequences.
Definition 2.2. [Domı´nguez-Benavides, 7]
For a > 0 let R(a,X) = sup{lim inf
n→∞
‖xn + x‖ : ‖x‖ 6 a, ‖xn‖ 6 1 for all n, xn ⇀ 0
where D[(xn)] = lim sup
n→∞
(
lim sup
m→∞
‖xn − xm‖
)
6 1}.
In [7] Domı´nguez-Benavides showed that if R(a,X) < 1 + a for some a > 0 then X
has the w-FPP. In addition, it was shown that there is a link between R(a,X) and
the modulus of near uniform smoothness, Γ(t), in reflexive Banach spaces. This
link was explored further in [12] where the third one of the Rs was defined.
Definition 2.3. [Garc´ıa-Falset, Llorens-Fuster and Mazcun˜an-Navarroa, 12]
For a > 0 let RW (a,X) = sup{lim inf
n→∞
‖xn + x‖ ∧ lim inf
n→∞
‖xn − x‖ : ‖x‖ 6 a,
‖xn‖ 6 1 for all n, xn ⇀ 0}.
In all three definitions lim inf can be replaced by lim sup .
Again there is a link between RW (a,X) and Γ(t). The authors exploited this link
with Γ(t) to show that uniformly nonsquare Banach spaces have the FPP and thus
solved a long standing conjecture.
In [12] it was shown that R(a,X) 6 RW (a,X) for all a > 0. Using this inequality
and the definitions it is clear that R(1,X) 6 RW (1,X) 6 R(X).
So RW (a,X) is the newest modulus and sits in the “middle” between R(a,X) and
R(X). It is probably the most useful of the three because of its links to Γ(t) and
Γ′(t). This is discussed in Section 4.
The following results are motivated by corollary 4.3 of [12].
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3. Properties of R(a,X)
It is straightforward to see that
1 ∨ a 6 R(a,X) 6 1 + a
and
if 0 6 a 6 b then R(a,X) 6 R(b,X).
Proposition 3.1. Let X be a separable Banach space then there exist a > 0 such
that R(a,X) = 1 + a if and only if R(b,X) = 1 + b for all b > 0.
Proof. This proof is based on part of the proof of corollary 4.3 of [12].
Assume there exist a > 0 such that R(a,X) = 1+a. Let η ∈ (0, 1) then there exists
x ∈ X, ‖x‖ 6 a, xn ⇀ 0, ‖xn‖ 6 1 for all n and lim sup
n→∞
(
lim sup
m→∞
‖xn − xm‖
)
6 1
such that
lim inf
n→∞
‖xn + x‖ > 1 + a− η(a ∧ 1). #
Let x∗n ∈ X
∗, ‖x∗n‖ = 1, x
∗
n(xn + x) = ‖xn + x‖ for all n.
Because X is separable the dual unit ball, BX∗ , is weak* sequentially compact so
without loss of generality x∗n can be assumed to converge weak* to x
∗ ∈ BX∗ .
Now x∗n(xn) 6 ‖xn‖ 6 1, x
∗(x) 6 ‖x‖ 6 a.
From #
lim inf
n→∞
x∗n(xn + x) > 1 + a− η(a ∧ 1)
lim inf
n→∞
x∗n(xn) + x
∗(x) > 1 + a− η(a ∧ 1) ##
lim inf
n→∞
x∗n(xn) > 1 + a− η(a ∧ 1)− x
∗(x)
> 1 + a− η(a ∧ 1)− a
= 1− η(a ∧ 1)
> 1− η.
Next, from ##
x∗(x) > 1 + a− η(a ∧ 1)− lim inf
n→∞
x∗n(xn)
> 1 + a− η(a ∧ 1)− 1
= a− η(a ∧ 1)
> a− aη
= a(1− η).
Now let b > 0 then
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lim inf
n→∞
∥∥∥∥xn + bax
∥∥∥∥ > lim infn→∞ x∗n(xn +
b
a
x)
= lim inf
n→∞
x∗n(xn) +
a
b
x∗(x)
> 1− η +
b
a
× a(1− η)
= (1− η)(1 + b).
Note that
∥∥ b
ax
∥∥ 6 ba × a = b so
R(b,X) > lim inf
n→∞
∥∥∥∥xn + bax
∥∥∥∥ > (1− η)(1 + b).
Allowing η → 0 gives R(b,X) > 1 + b.
But R(b,X) 6 1 + b for all b > 0. Therefore R(b,X) = 1 + b.

Corollary 3.2. Let X be a separable Banach space then there exist a > 0 such that
R(a,X) < 1 + a if and only if R(b,X) < 1 + b for all b > 0.
Proof. Only one of the implications needs to be considered. Assume there exist
a > 0 such that R(a,X) < 1 + a and also assume there exists a b > 0 such that
R(b,X) = 1 + b. Then by proposition 3.1 R(a,X) = 1 + a. This is a contradiction.

Corollary 3.3. Let X be a separable Banach space then the following are equivalent.
(a) There exists a > 0 such that R(a,X) < 1 + a;
(b) R(a,X) < 1 + a for all a > 0;
(c) R(1,X) < 2.
Remarks
1. The equivalence of (b) and (c) was mentioned by Prus in his talk at the
12th International Conference on Fixed Point Theory and Its Applications
[25].
2. It would appear that the introduction of the parameter a does not create a
great advantage in fixed point theory. The real advantage is using D[(xn)]
in the definition of R(a,X).
Corollary 3.4. Let X be a separable Banach space then the following are equivalent.
(a) There exists a > 0 such that R(a,X) = 1 + a;
(b) R(a,X) = 1 + a for all a > 0;
(c) R(1,X) = 2.
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Corollary 3.5. Let X be a separable Banach space then either
R(a,X) = 1 + a for all a > 0 or R(a,X) < 1 + a for all a > 0.
Corollary 3.6. Let X be a separable Banach space then either
R(a,X) = 1 + a for all a > 0 or R(1,X) < 2.
So if R(a,X) takes on its largest possible value then some interesting conclusions
can be drawn. At the other end of the scale, when R(a,X) takes on one of its
possible minimum values, a, there is also an interesting result. The case when the
Rs equal 1 when a = 1 is explored further in a later section.
Another point of interest is the rate of increase of R(a,X). The following proposition
looks into that and then the consequences are investigated.
Proposition 3.7. Let X be a separable Banach space then 0 < a 6 b implies
aR(b,X) 6 bR(a,X).
Proof. Let X be a separable Banach space and a and b be real numbers such that
0 < a 6 b.
Consider
x ∈ X, ‖x‖ 6 b, xn ⇀ 0, ‖xn‖ 6 1 for all n and lim sup
n→∞
(
lim sup
m→∞
‖xn − xm‖
)
6 1.
Then ∥∥∥a
b
x
∥∥∥ 6 a
b
× b = a,
a
b
xn ⇀ 0,
∥∥∥a
b
xn
∥∥∥ 6 a
b
6 1 for all n and
lim sup
n→∞
(
lim sup
m→∞
∥∥∥a
b
xn −
a
b
xm
∥∥∥
)
=
a
b
lim sup
n→∞
(
lim sup
m→∞
‖xn − xm‖
)
6
a
b
6 1.
Thus
lim inf
n→∞
‖xn + x‖ =
b
a
lim inf
n→∞
∥∥∥a
b
xn +
a
b
x
∥∥∥
6
b
a
R(a,X).
Therefore R(b,X) 6 baR(a,X).

This means that if 0 < a 6 b then
R(b,X)
b
6
R(a,X)
a
.
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In other words R(a,X)a is nonincreasing. The consequences of this property deserves
further investigation.
Corollary 3.8. Let X be a separable Banach space then if there exists a > 0 such
that R(a,X) = a then R(b,X) = b for all b > a.
Proof. Assume there exists an a > 0 such that R(a,X) = a. Let b > a. Then by
proposition 3.7 R(b,X) 6 baR(a,X) =
b
a × a = b but R(b,X) > b for all b > 0.
So R(b,X) = b.

Corollary 3.9. Let X be a separable Banach space then R(a,X) = a for all
a > 1 if and only if R(1,X) = 1.
Proof. Only one implication needs to be considered. Let a > 1 then proposition 3.7
means 1×R(a,X) 6 a×R(1,X) = a but R(a,X) > a for all a > 0.
So R(a,X) = a.

4. Properties of RW (a,X)
It is straightforward to see that
1 ∨ a 6 RW (a,X) 6 1 + a
and
if 0 6 a 6 b then RW (a,X) 6 RW (b,X).
RW (a,X) is closely related to ΓX(t) and Γ
′
X(t) in reflexive Banach spaces.
The modulus of nearly uniform smoothness is
ΓX(t) = sup
{
inf
n>1
(
‖x1 + txn‖+ ‖x1 − txn‖
2
− 1
)}
,
where the supremum is taken over all basic sequences (xn) in BX .
If X is reflexive then
ΓX(t) = sup
{
inf
n>1
(
‖x1 + txn‖+ ‖x1 − txn‖
2
− 1
)
: (xn) in BX , xn ⇀ 0
}
.
The definition of Γ′X(t) is
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Γ′X(0) = lim
t→0+
ΓX(t)
t
.
In [21] and [12] it was shown that, in a reflexive Banach space, there exists a > 0
such that RW (a,X) < 1 + a if and only Γ′X(0) < 1 if and only if there exists t > 0
such that ΓX(t) < t.
The first condition on RW (a,X) will be looked at below.
Not surprisingly these properties are similar to those of R(a,X) and the proofs are
similar. To prevent boredom a slightly different approach is taken.
Proposition 4.1. Let X be a separable Banach space then the following are equiv-
alent.
(a) RW (a,X) < 1 + a for all a > 0;
(b) There exists a > 0 such that RW (a,X) < 1 + a;
(c) RW (1,X) < 2.
Proof. Both (a) ⇒ (b) and (a) ⇒ (c) are straightforward.
(b)⇒ (a) : Assume that (a) does not hold then there exists b > 0 such that
RW (b,X) = 1+ b. Then RW (c,X) = 1+ c for all c > 0. This result formed part of
the proof of corollary 4.3 of [12]. So there is a contradiction.
(c)⇒ (a) : This is proved in a similar fashion.

Another point of interest is the rate of increase of RW (a,X) and not surprisingly
it is the same as for R(a,X).
Proposition 4.2. Let X be a separable Banach space then 0 < a 6 b implies
aRW (b,X) 6 bRW (a,X).
Proof. Consider x ∈ X, ‖x‖ 6 b, xn ⇀ 0, ‖xn‖ 6 1 for all n.
Note that
∥∥a
bx
∥∥ 6 ab × b 6 a, abxn ⇀ 0, ‖abxn‖ 6 ab 6 1 for all n.
lim inf
n→∞
‖xn + x‖ ∧ lim inf
n→∞
‖xn − x‖ =
b
a
(
lim inf
n→∞
‖
a
b
xn +
a
b
x‖ ∧ lim inf
n→∞
‖
a
b
xn −
a
b
x‖
)
6
b
a
RW (a,X).
Therefore RW (b,X) 6 baRW (a,X).

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This means that if 0 < a 6 b then
RW (b,X)
b
6
RW (a,X)
a
.
In other words RW (a,X)a is nonincreasing.
There is a tantalising similarity to a property of ΓX(t). In [12] it was shown that
ΓX(t)
t is nondecreasing. These properties of RW (a,X) and ΓX(t) combined with
the two inequalities linking them in theorem 4.1 of [12] provide fertile ground for
further research.
Now for some consequences of proposition 4.2.
Corollary 4.3. Let X be a separable Banach space then if there exists a > 0 such
that RW (a,X) = a then RW (b,X) = b for all b > a.
The proof is identical to the proof of corollary 3.8 and so it will be omitted.
Corollary 4.4. Let X be a separable Banach space then RW (a,X) = a for all
a > 1 if and only if RW (1,X) = 1.
Corollary 4.5. Let X be a separable Banach space then the following are equivalent.
(a) RW (a,X) = 1 + a for all a > 0;
(b) There exists a > 0 such that RW (a,X) = 1 + a;
(c) RW (1,X) = 2.
Remark Some of the last corollary is mentioned in the proof of corollary 4.3 of
[12].
Corollary 4.6. Let X be a separable Banach space then either
RW (a,X) = 1 + a for all a > 0 or RW (a,X) < 1 + a for all a > 0.
Corollary 4.7. Let X be a separable Banach space then either
RW (a,X) = 1 + a for all a > 0 or RW (1,X) < 2.
In [10] proposition III-7 states that R(X) = 1 and X having a Kadec-Klee norm
is equivalent to X having the Schur property. This result can now be rewritten in
terms of RW (a,X).
Proposition 4.8. Let X be a separable Banach space then the following are equiv-
alent.
(a) There exists a > 0 such that RW (a,X) = a and X has Kadec-Klee norm;
(b) X has the Schur property.
Proof. (b) ⇒ (a) is straightforward.
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(a)⇒ (b) : Suppose that X does not have the Schur property then there exists
xn ⇀ 0, ‖xn‖ 6 1 for all n with limn→∞ ‖xn‖ = α > 0.
Consider x ∈ X, ‖x‖ = a,RW (a,X) = a. Then
lim inf
n→∞
‖xn + x‖ ∧ lim inf
n→∞
‖xn − x‖ 6 ‖x‖.
(1) lim infn→∞ ‖xn + x‖ 6 lim infn→∞ ‖xn − x‖
So lim infn→∞ ‖xn + x‖ 6 ‖x‖.
Weak lower semicontinuity of the norm means
‖x‖ 6 lim inf
n→∞
‖xn + x‖.
Thus lim infn→∞ ‖xn + x‖ = ‖x‖ but xn + x ⇀ x.
The Kadec-Klee norm implies xn + x→ x which means xn → 0.
This contradicts limn→∞ ‖xn‖ = α > 0.
(2) lim infn→∞ ‖xn − x‖ 6 lim infn→∞ ‖xn + x‖
The proof follows the same form as in (1) and results in a contradiction.
Therefore X has the Schur property.

Remark At this stage R(a,X) = a cannot replace RW (a,X) = a.
Other relationships
RW (1,X) 6 J(X) where J(X) is the James constant.
Proof.
J(X) := sup{{‖x + y‖ ∧ ‖x− y‖} : ‖x‖, ‖y‖ 6 1}.
Let η > 0 then there exists x ∈ X, ‖x‖ 6 1, xn ⇀ 0, ‖xn‖ 6 1 for all n such that
lim inf
n→∞
‖xn + x‖ ∧ lim inf
n→∞
‖xn − x‖ > RW (1,X)− η.
By extracting a subsequence, still denoted by (xn), we may assume
lim
n→∞
‖xn + x‖ ∧ lim
n→∞
‖xn − x‖ > RW (1,X)− η.
But J(X) > ‖xn + x‖ ∧ ‖xn − x‖ for all n.
Therefore J(X) > limn→∞ ‖xn + x‖ ∧ limn→∞ ‖xn − x‖.
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J(X) > RW (1,X) − η.
Allowing η → 0, J(X) > RW (1,X).

[RW (1,X)]2 6 2CNJ(X) where CNJ(X) is the von-Neumann-Jordan constant.
Proof.
CNJ := sup
{
‖x+ y‖2 + ‖x− y‖2
2 (‖x‖2 + ‖y‖2)
: ‖x‖+ ‖y‖ 6= 0
}
= sup
{
‖x+ y‖2 + ‖x− y‖2
2 (‖x‖2 + ‖y‖2)
: ‖x‖ = 1, ‖y‖ 6 1
}
.
Following the same path as in the previous proof let η > 0 then there exists
x ∈ X, ‖x‖ 6 1, xn ⇀ 0, ‖xn‖ 6 1 for all n
such that
lim inf
n→∞
‖xn + x‖ ∧ lim inf
n→∞
‖xn − x‖ > RW (1,X)− η.
By extracting a subsequence, still denoted by (xn), we may assume
lim
n→∞
‖xn + x‖ ∧ lim
n→∞
‖xn − x‖ > RW (1,X)− η.
Now
CNJ >
‖xn + x‖
2 + ‖xn − x‖
2
2 (‖xn‖2 + ‖x‖2)
for all n.
Therefore CNJ >
‖xn + x‖
2 + ‖xn − x‖
2
2 (1 + 1)
for all n.
4CNJ > ‖xn + x‖
2 + ‖xn − x‖
2 for all n
> lim
n→∞
‖xn + x‖
2 + lim
n→∞
‖xn − x‖
2
> 2( lim
n→∞
‖xn + x‖ ∧ lim
n→∞
‖xn − x‖)
2.
So 2CNJ > (RW (1,X)− η)
2.
Allowing η → 0, 2CNJ > RW (1,X)
2.

Equality in both these inequalities is achieved in lp, 1 < p 6 2.
Consider lp, 1 < p 6 2. Because lp has WORTH, R(lp) = RW (1, lp) = 2
1/p.
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Note that Banach space, X, has WORTH if for every weak null sequence and every
x ∈ X
lim
n→∞
|‖xn − x‖ − ‖xn + x‖| = 0.
This property was introduced by Sims [28], Rosenthal [26] and Cowell and Kalton
[1]
J(lp) = 2
1/p = RW (1, lp).
CNJ(lp) = 2
2/p−1 so 2CNJ (lp) = 2× 2
2/p−1 = 22/p = RW (1, lp)
2.
See Saejung [27].
Similar inequalities appear involving R(a,X), R(X), CNJ (X),WCS(X) and J(X)
in Saejung [27] and Mazcun˜a´n-Navarro [21].
Proposition 4.9. Let X be a separable Banach space then if X is uniformly non-
square then X has the FPP.
Proof. Either use uniformly nonsquare is equivalent to J(X) < 2 or is equivalent to
CNJ(X) < 2.

5. R(X) = 1, R(1,X) = 1, RW (1,X) = 1
An important Banach space property is Property(M) where whenever xn ⇀ 0 then
lim sup
→∞
‖xn − x‖ is a function of ‖x‖ only. An equivalent definition is
Definition 5.1. A Banach space X has Propery(M) if whenever xn ⇀ 0 and
‖u‖ 6 ‖v‖ then lim supn→∞ ‖xn + u‖ 6 lim supn→∞ ‖xn + v‖.
It was shown in [13] that Property(M) implies the w-FPP.
Property(M∗) in X∗ is the same except that it involves weak* null sequences.
In [2] it was shown that R(X) = 1 implies X has property(M). A crucial step in
the proof was to show that R(X) = 1 implies X has the nonstrict Opial condition.
That is
if xn ⇀ 0, then lim sup
n→∞
‖xn‖ 6 lim sup
n→∞
‖xn + x‖ for all x.
If the sequence, (xn), is in the dual, X
∗, and the convergence is weak* then the
condition is called the nonstrict *Opial condition.
Dhompongsa and Kaewkhao in [6] improved the result from [2] by showing that
R(X) = 1 if and only if X has property(m∞).
Here property(m∞) is if xn ⇀ 0 and x ∈ X then
lim sup
n→∞
‖xn + x‖ = lim sup
n→∞
‖xn‖ ∨ ‖x‖.
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This property was introduced in [16] and formally named as such in [17]. In X∗,
property(m∗
∞
) is defined in the same way but with weak* null sequences.
Proposition 5.2. Let X be a separable Banach space with R(X) = 1 then c0 →֒ X.
Proof. In [2] it was shown that if X is a separable Banach space with Property(M)
then c0 →֒ X if and only if there exists xn ⇀ 0, limn→∞ ‖xn‖ = 1 such that
lim
n→∞
‖x+ txn‖ = 1 ∨ t
for all t > 0, and all x, with ‖x‖ = 1.
Property(m∞) ensures that this condition is satisfied for all weak null sequences.

Remarks
1. Properties that X does NOT posses when R(X) = 1 are: weak normal
structure, Kadec-Klee norm, the Schur property, property(K), reflexivity
and Opial’s condition. See [2] for the reasoning.
2. If ℓ1 →֒ X nothing can be said. Most of the results from Kalton [16] and
Kalton and Werner [17] require ℓ1 6 →֒ X. So if in addition to R(X) = 1 we
have ℓ1 6 →֒ X then X
∗ has Property(M∗), has weak * Kadec-Klee norm, is
separable so c0 6 →֒ X
∗. X∗ also has property(m∗1) which means for every
weak* null sequence, (x∗n), and every x
∗ ∈ X we have
lim sup
n→∞
‖x∗n + x
∗‖ = lim sup
n→∞
‖x∗n‖+ ‖x
∗‖.
This property implies that X∗ has the uniform Opial condition and also
R(X∗) = 2.
Note, for future reference, that propery(m1) in X means that for every
weak null sequence, (xn) and x ∈ X
lim sup
n→∞
‖xn + x‖ = lim sup
n→∞
‖xn‖+ ‖x‖.
IfX∗ has Property(M∗) thenX isM -embedded andX∗ is an L-summand.
An M -embedded nonreflexive Banach space, X, is not weak sequentially
complete and fails the Radon-Nikodym property. Plus every copy of c0 in
X is complemented. X being M -embedded also means that X∗ is weak
sequentially complete and contains a complemented copy of ℓ1.
3. Kalton and Werner [17] have shown that if X is a separable Banach space
not containing a copy of ℓ1 then X has property(m∞) if and only if for
every ǫ > 0, there is a subspace X0 of c0 with d(X,X0) < 1 + ǫ. Thus when
R(X) = 1 and ℓ1 6 →֒ X then X contains a complemented copy of c0 and is
almost isometric to a subspace of c0.
At this stage, assuming either R(1,X) = 1 or RW (1,X) = 1 instead of R(X) = 1,
that crucial step of X possessing the nonstrict Opial condition cannot be proven.
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So it is an open problem: If either R(1,X) = 1 or RW (1,X) = 1 does X have
Property(M)?
But in the mean time we can state the following propositions.
Proposition 5.3. If X be a separable Banach space with RW (1,X) = 1 and sat-
isfies the nonstrict Opial condition then X has Property(M). In particular, it has
property(m∞).
Proof. Assume X has the nonstrict Opial condition and RW (1,X) = 1. Consider
xn ⇀ 0 and x ∈ X. Using the weak lower semi-continuity of the norm we have
‖x‖ 6 lim sup
n→∞
‖xn ± x‖.
The nonstrict Opial condition leads to
lim sup
n→∞
‖xn‖ 6 lim sup
n→∞
‖xn ± x‖.
Combining these two inequalities gives
‖x‖ ∨ lim sup
n→∞
‖xn‖ 6 lim sup
n→∞
‖xn ± x‖.
Let a = ‖x‖ ∨ lim supn→∞ ‖xn‖. If a = 0, then m∞ equation is trivially satisfied.
So assume a 6= 0 then∥∥∥x
a
∥∥∥ 6 1, lim sup
n→∞
∥∥∥xn
a
∥∥∥ 6 1 and xn
a
⇀ 0.
By taking subsequences if necessary, we may assume that
∥∥xn
a
∥∥ 6 1 for all n.
Using RW (1,X) = 1,
lim sup
n→∞
∥∥∥xn
a
+
x
a
∥∥∥ ∧ lim sup
n→∞
∥∥∥xn
a
−
x
a
∥∥∥ 6 1.
Then
lim sup
n→∞
‖xn + x‖ ∧ lim sup
n→∞
‖xn − x‖ 6 ‖x‖ ∨ lim sup
n→∞
‖xn‖.
But ‖x‖ ∨ lim supn→∞ ‖xn‖ 6 lim supn→∞ ‖xn ± x‖ leading to
lim sup
n→∞
‖xn + x‖ ∧ lim sup
n→∞
‖xn − x‖ = ‖x‖ ∨ lim sup
n→∞
‖xn‖.
Then either
lim sup
n→∞
‖xn + x‖ = ‖x‖ ∨ lim sup
n→∞
‖xn‖ or lim sup
n→∞
‖xn − x‖ = ‖x‖ ∨ lim sup
n→∞
‖xn‖.
Since this is true for all x ∈ X changing x into −x means
lim sup
n→∞
‖xn ± x‖ = ‖x‖ ∨ lim sup
n→∞
‖xn‖.
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Thus X has property(m∞).

For R(1,X) = 1 the situation is not as clear. For a given weak null sequence (xn), if
the norm of any element, x, is big enough then X behaves as if it has property(m∞)
or even property(m1) or has the Schur property. Below is an indication of what
happens. If the norm of x is too small then no conclusion can be reached. It is very
curious.
Let X have the nonstrict Opial condition and R(1,X) = 1. Also consider
xn ⇀ 0 and x ∈ X. The first part follows the first section of the previous proof:
‖x‖ ∨ lim sup
n→∞
‖xn‖ 6 lim sup
n→∞
‖xn ± x‖.
Let a = ‖x‖ ∨ lim supn→∞ ‖xn‖. If a = 0, the m∞ equation is trivially satisfied. So
assume a 6= 0 then ∥∥∥x
a
∥∥∥ 6 1, lim sup
n→∞
∥∥∥xn
a
∥∥∥ 6 1 and xn
a
⇀ 0.
By taking subsequences if necessary, we may assume that
∥∥xn
a
∥∥ 6 1 for all n.
Again using the weak lower semi-continuity of the norm,
lim sup
n→∞
‖xn − xm‖ > ‖xm‖ for all m.
So
lim sup
n→∞
lim sup
m→∞
‖xn − xm‖ > lim sup
m→∞
‖xm‖. †
If ‖x‖ > lim supn→∞ lim supm→∞ ‖xn − xm‖ then using †
lim sup
n→∞
lim sup
m→∞
‖xn − xm‖ 6 ‖x‖ ∨ lim sup
n→∞
‖xn‖ = a.
Thus
lim sup
n→∞
lim sup
m→∞
∥∥∥xn
a
−
xm
a
∥∥∥ 6 1.
Using R(1,X) = 1,
lim sup
n→∞
∥∥∥xn
a
+
x
a
∥∥∥ 6 1.
Leading to a 6 lim supn→∞ ‖xn + x‖ 6 a so
lim sup
n→∞
‖xn + x‖ = ‖x‖ ∨ lim sup
n→∞
‖xn‖.
This means that for a given weak null sequence, (xn), if any element, x, of X is
such that ‖x‖ > lim supn→∞ lim supm→∞ ‖xn − xm‖ then the property(m∞) equa-
tion is satisfied. So an interesting situation. Note that if limn→∞ xn = 0 then the
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property(m1) equation is also satisfied. This would be true if X has the Schur prop-
erty. Interestingly, in [2] the author showed that the Schur property is equivalent
to X satisfying both property(m∞) and property(m1).
Close to the origin there is no structure associated with weak null sequences. Away
from the origin a very different scenario appears; X has at least property(m∞),
maybe the Schur property. Are there any other Banach spaces where this sort of
thing occurs - irregularity near the origin, strong structure away from the origin?
Another important Banach space property, in the context of fixed point theory, is
Property(K) which was introduced in [29].
Definition 5.4. A Banach space X has property(K) if there exists K ∈ [0, 1) such
that whenever xn ⇀ 0, limn→∞ ‖xn‖ = 1 and lim infn→∞ ‖xn − x‖ 6 1 then ‖x‖ 6
K.
Note that implicit in this definition is the fact that X cannot have the Schur propery.
Sims in [29] showed that Property(K) implied weak normal structure and hence the
w-FPP.
If R(X) = 1 then X cannot have Property(K) has shown below.
Proposition 5.5. Let X be a separable Banach space then if X has Property(K)
then R(X) > 1.
Proof. Let X have Property(K) and assume that R(X) = 1. Then by proposition
5.2, c0 →֒ X. In [5] Dalby and Sims showed that if c0 →֒ X then X does not have
Property(K). We have the required contradiction.

The same applies to RW (1,X).
Proposition 5.6. If a separable Banach space, X, has Property(K) then
RW (1,X) > 1.
Proof. Let X have Property(K) and assume that RW (X) = 1.
Consider xn ⇀ 0, ‖xn‖ = 1 for all n and x ∈ X where ‖x‖ = 1 then RW (1,X) = 1
implies
lim inf
n→∞
‖xn − x‖ ∧ lim inf
n→∞
‖xn + x‖ 6 RW (1,X) = 1.
So lim infn→∞ ‖xn + x‖ 6 1 or lim infn→∞ ‖xn − x‖ 6 1. Either way, Property(K)
implies 1 = ‖x‖ 6 K < 1, a contradiction.

A similar proof can be used for the case of R(1,X).
16 T. DALBY
Proposition 5.7. If a separable Banach space, X, has Property(K) then
R(1,X) > 1.
Proof. Let X have Property(K) and assume that R(X) = 1.
Consider xn ⇀ 0, ‖xn‖ = 1 for all n and x ∈ X where ‖x‖ = 1. Also let
lim sup
n→∞
lim sup
m→∞
‖xn − xm‖ 6 1.
Then R(1,X) = 1 implies lim infn→∞ ‖xn + x‖ 6 R(1,X) = 1.
Property(K) implies 1 = ‖x‖ 6 K < 1, a contradiction.

Remark Note that proposition 5.7 implies proposition 5.6 which in turn implies
proposition 5.5.
6. Results concerning the dual, X∗
Next is bring the dual, X∗, into play. In [4] it was shown that if X∗ has the
nonstrict *Opial condition and R(X∗) < 2 then X has Property(K). This leads to
the following.
Corollary 6.1. Let X be a separable Banach space where X∗ has the nonstrict
*Opial condition. If R(X) = 1 then R(X∗) = 2.
At this stage R(X) = 1 cannot be replaced by either RW (1,X) = 1 or R(1,X) = 1.
in both the result mentioned before corollary 6.1 and in corollary 6.1. For the
condition RW (1,X) = 1, proposition 5.3 can be invoked to get:
Proposition 6.2. Let X be a separable Banach space with the nonstrict Opial
condition and RW (1,X) = 1. If ℓ1 6 →֒ X then RW (1,X
∗) = 2.
Proof. If X be a separable Banach space with the nonstrict Opial condition and
RW (1,X) = 1 then by proposition 5.3, X had property(m∞). Then ℓ1 6 →֒ X
implies X∗ has Property(M∗) which implies WORTH* so RW (1,X∗) = R(X∗).
and the previous corollary can be used. In fact X∗ has property(m∗1) and this
property can be used to show that RW (1,X∗) = 2.

The situation where R(1,X) = 1 is again unclear and the problem is an open one.
Earlier it was mentioned that R(X) = 1 is a strong enough condition to imply
Property(M). It is straightforward to adapt that proof to show R(X∗) = 1 implies
Property(M∗).
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The proof used by Dhompongsa and Kaewkhao in [6] can again be easily transferred
to the dual and weak* null sequences. So X∗ has property(m∗
∞
) if and only if
R(X∗) = 1.
Next we investigate further the consequences of R(X∗) = 1. First is the reverse of
corollary 6.1.
Proposition 6.3. Let X be a separable Banach space. If R(X∗) = 1 then
R(X) = 2.
Proof. Consider xn ⇀ 0, limn→∞ ‖xn‖ = 1, ‖xn‖ 6 1 for all n and ‖x‖ = 1. Then
lim infn→∞ ‖xn + x‖ 6 R(X).
Let x∗n ∈ SX∗ , x
∗
n(xn) = ‖xn‖ for all n. Without loss of generality x
∗
n
∗
⇀ x∗ where
‖x∗‖ 6 1.
Let y∗ ∈ SX∗ , y
∗(x) = ‖x‖ = 1.
Because R(X∗) = 1,X∗ has property(m∗
∞
) and so
lim inf
n→∞
‖x∗n − x
∗ + y∗‖ = lim inf
n→∞
‖x∗n − x
∗‖ ∨ ‖y∗‖ = ‖y∗‖ = 1.
Now
2 > lim inf
n→∞
‖xn + x‖
> lim inf
n→∞
(x∗n − x
∗ + y∗)(xn + x)
> lim inf
n→∞
(x∗n)(xn) + x
∗(x)− 0− x∗(x) + 0 + y∗(x)
= 2.
Therefore lim infn→∞ ‖xn + x‖ = 2. But R(X) > lim infn→∞ ‖xn + x‖. Therefore
R(X) = 2.

Corollary 6.4. Let X be a separable Banach space. If R(X) < 2 then R(X∗) > 1.
Remark Because it is not known if R(1,X∗) = 1 or RW (1,X∗) = 1 leads to X∗
having the nonstrict *Opial condition, R(X∗) = 1 in the proposition cannot be
replaced with either of these two other properties. In the case of RW (1,X∗) = 1
adding nonstrict *Opial leads to a similar result courtesy of proposition 5.3.
Proposition 6.5. Let X be a separable Banach space. If RW (1,X∗) = 1 and X∗
have the nonstrict *Opial condition then RW (1,X) = 2.
Proof. Proposition 5.3 transferred to X∗ means that X∗ has property(m∞) and the
proof follows the same lines as the previous one.

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Corollary 6.6. Let X be a separable Banach space and X∗ have the nonstrict
*Opial condition. If RW (1,X) < 2 then RW (1,X∗) > 1.
The situation with X∗ having the nonstrict *Opial condition and R(1,X) = 1 is
unresolved. Please see the discussion after the proof of proposition 5.3.
Some of of the other consequences of R(X∗) = 1 are listed in the next proposition.
Proposition 6.7. Let X be a separable Banach space with R(X∗) = 1 then
(a) X∗ has Property(M∗).
(b) X∗ has a WORTH*.
(c) X∗ has the w*FPP.
(d) c0 →֒ X
∗.
(e) X∗ has the Radon-Nikodym Property (RNP ).
(f) X has Property(M).
(g) X is an M -ideal in X∗∗. (X is M -embedded.)
(h) X∗ is L-summand in X∗∗∗. (X∗ is L-embedded.)
(i) ℓ1 →֒ X
∗
(j) ℓ1 →֒ X
(k) c0 →֒ X.
(l) X has the wFPP.
(m) X is an Asplund space.
Proof.
(a) As mentioned this was proved for R(X) = 1 in [2]. It also follows from
property(m∗
∞
).
(b) This is an easy consequence of Property(M∗).
(c) This follows from Property(M∗) and the result from [13].
(d) The proof in proposition 5.2 transfers easily to X∗. Property(m∗
∞
) ensures
that this condition is satisfied.
(e) In [19] Lima showed that WORTH* implied the RNP.
(f) That Property(M∗) implies Property(M) was proved in [16].
(g) Again, this was proved in [16].
(h) It is well known that if X is M -embedded then X∗ is L-embedded. See [15]
for example.
(i) Since c0 →֒ X
∗,X is nonreflexive. A nonreflexive Banach space that is
M -embedded has a complemented copy of ℓ1 in X
∗. See [15] for example.
(j) Kalton and Werner in [17] showed that if X was separable, has Property(M)
and ℓ1 6 →֒ X then X
∗ was separable. But c0 cannot be a subspace of a
separable dual space. See [20] for example. This contradicts point (4). So
ℓ1 →֒ X.
(k) Again from [15], any nonreflexive Banach space that is M -embedded con-
tains a complemented copy of c0.
(l) This was proved in [13] using Property(M).
(m) X∗ having the RNP is equivalent to X being an Asplund space.
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
Remarks
1. Those separable Banach spaces whereR(X∗) = 1 form a collection of Banach
spaces that have the wFPP when R(X) = 2.
2. It is of interest to mention some of the other properties that X∗ or X do
NOT have. X∗ does not have weak* normal structure nor Property(K∗)
nor a weak* Kadec-Klee norm. Also X∗ is not separable, is not reflexive
and does not have the weak* Schur property. X does not have weak normal
structure nor Kadec-Klee norm, is not reflexive and does not have the Schur
property. See [2] for details.
3. Both X and X∗ fail the FPP. This because Pfitzner showed in [23] that
every nonreflexive subspace of an M -embedded Banach space contains an
asymptotic isometric copy of c0 and every nonreflexive subspace of an L-
embedded Banach space contains an asymptotic isometric copy ℓ1. From
these properties flows the failure of the FPP. See [8] and [9].
4. Thus separable Banach spaces, X, where R(X∗) = 1 form a family of spaces
that have the wFPP but not the FPP. Similarly, the X∗s form a family of
spaces that have the w*FPP but not the FPP.
5. The results of this proposition and the preceding remarks will still remain
valid if R(X∗) = 1 is replaced by X∗ has Property(M∗) and c0 →֒ X
∗.
6. More on Property(M∗) and reflexivity can be found in [3].
7. If R(X∗) = 1 is changed to RW (1,X∗) = 1 and X∗ has the nonstrict *Opial
condition then the same list of properties is valid.
8. The result of changing R(X∗) = 1 to R(1,X∗) = 1 and X∗ has the nonstrict
*Opial condition remains open.
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